We study the Kobayashi-Royden metric and the Kobayashi distance on a taut complex manifold. We prove that the derivative of the Kobayashi distance is equal to the KobayashiBusemann metric. This gives us the necessary and sufficient condition of the convexity of the Kobayashi-Royden metric.
Introduction.
Let M be an m-dimensional complex manifold. We recall the definition of the Kobayashi-Royden pseudo-metric on M : Let v ∈ T p M be a real tangent vector. We can uniquely write v = ξ +ξ with ξ ∈ T p M . We set F M (v) = 2F M (ξ). Then F M induce a pseudodistance d M on M as follows:
where c runs over all piecewise smooth curves connecting p with q. This pseudo-distance d M is called the integrated form of F M . Since the condition d M (p, q) = 0 does not necessarily mean p = q in general, d M is not a distance. We remark, however, that d M is a distance if M is taut (see [7] ).
We define the indicatrix of F M at p by
Note that F M is a seminorm at p if and only if its indicatrix at p is a convex set. Hence we say that F M is convex at p, if it is a seminorm at p.
S. Kobayashi introduced a new infinitesimal pseudo-metricF M on M which is the double dual of F M (see [3] ). It is defined bŷ
, where ξ ∈ T p M with v = ξ +ξ. Thus the integrated form ofF M are defined in the same way. S. Kobayashi in [3] proved that the integrated form ofF M is equal to that of F M .
The integrated form of F M is, as a matter of fact, equal to the Kobayashi pseudo-distance (see [7] ). It was originally defined as follows. First we define
where ρ is the Poincaré distance on ∆. We set d * M (p, q) = ∞ if there is no analytic disc connecting p with q. Note that d * M (p, q) < ∞ if p is sufficiently close to q. Next for each positive integer l, we introduce the following function on M × M :
Now we have the Kobayashi pseudo-distance on M :
By definition we easily see that [4] ).
Let h be a Hermitian metric on M . We fix a point p of M . Then, h induces the exponential mapping exp :
where u ∈ T q M , if the limit exists. We remark that this definition is independent of the choice of h. We set
Suppose D is a domain in C m with the standard flat metric. We identify T D with D × C m . Then, if the derivative Dd D exists, we have
The derivative of the Kobayashi metric pseudo-distance on M does not always exist. We know, however, the following facts: If D is a domain in C m , lim sup
Here we state our main theorem about the derivative of the Kobayashi distance.
Main Theorem 1.1. If M is a taut complex manifold, then Dd M exists and
This theorem gives us the following formula: 
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Proof of Main Theorem.
We keep the notation used in Section 1.
Definition 2.1. A holomorphic mapping f ∈ O(∆, M) is called an extremal mapping with respect to points
Note that in general an extremal mapping with respect to all p, q ∈ M or ξ ∈ T p M does not necessarily exist. In 
Let p be a point of M. We fix an arbitrary holomorphic coordinate neighborhood (U 0 , ϕ, ∆ m ) about p such that ϕ(p) = 0. In fact, the following theorem holds: 
Though the proof of the preceding theorem is the same of Theorem 2.2, we may recall the following theorem about the extension of regular holomorphic mappings, which plays an important role in the proof: Theorem 2.4 (H.L. Royden [8] ). Let f be a holomorphic mapping of the unit disk ∆ into an n-dimensional complex manifold M , and suppose that f is regular at 0. Then, given r < 1, there exists a mapping F of ∆ × ∆ n−1 into M , which is regular at 0 and whose restriction to ∆ × {0} is f .
From here we assume that M is a taut complex manifold. Hence note that there exists an extremal mapping with respect to any p, q ∈ M or ξ ∈ T p M .
Theorem 2.5. For any > 0 there exists an open neighborhood
for all q, q ∈ U . Moreover the following identity holds:
Proof. For simplicity we assume that M is a domain in C m . It is sufficient to prove that for any > 0 there exists an open neighborhood of p such that for any q,
Suppose the contrary; there exists a constant > 0 such that there are distinct points q j , q j ∈ B · (p, 1/j) = {q ∈ C m q − p < 1/j} for each positive integer j which satisfy the following inequality:
Since M is taut, there exists the extremal mapping f j ∈ O(∆, M) with respect to q j , q j ∈ M such that f j (0) = q j and f j (c j ) = q j , where c j ∈ [0, 1), for each pair of the points q j , q j ∈ B · (0, 1/j). Choosing a subsequence of the sequence {f j }, if necessary, we may assume that {f j } converge to f ∈ O(∆, M) uniformly on compact subsets, and −(q j −q j )/ q j − q j converges to some ξ ∈ C m with ξ = 1. It follows from Theorem 2.2 that f (0) = 0. We easily see
We take a sufficient large positive integer N satisfying
This is a contradiction. Thus we finish the proof of the first part of this theorem.
We fix a Hermitian metric h on M . Then the following facts are wellknown:
where ξ ∈ T p M with v = ξ +ξ and u ∈ T q M . It follows from the first part of this theorem and the preceding facts that
Thereby we conclude the whole proof.
Lemma 2.6 (H.L. Royden [7]). Let h be a Hermitian metric on M and p a point of M . Then, there exists a constant L > 0 such that for any
where ξ h is the length of ξ induced by h. Theorem 2.7 (S. Kobayashi [3] ). For any ξ ∈ T p M there exist n holomorphic tangent vectors ξ 1 , . . . , ξ n ∈ T p M (n ≤ 2m) satisfying the following:
(i) ξ 1 . . . , ξ n are linearly independent over R; 
for all ξ ∈ T p M . We take ξ 1 , . . . , ξ n ∈ T p M as in Theorem 2.7. By Lemma 2.6 we see
Because of the preceding two inequalities, we have
Thereby the proof is concluded.
We recall the following fact: Remark 2.9. We fix a positive integer l. Take any two points q, q of M such that d For any q, q ∈ V , we take the l + 1 points q 1 , . . . , q l+1 as in Remark 2.9. Then, q 1 , . . . , q l+1 are contained in W .
Proof. Since M is taut, M is hyperbolic (i.e., d M is distance and the topology induced by it is the same of M ). Choosing a constant R > 0, we may assume
. For any two points q, q ∈ V , there exist l + 1 points q 1 , . . . , q l+1 ∈ M as in Remark 2.9. Then, for any q j it follows that
Because the Kobayashi distance has the distance-decreasing property and d
Thus q j is contained in W . The proof is thereby concluded. 
for any q, q ∈ W . We choose a sufficiently small open neighborhood V ⊂ W of p as in the preceding lemma. For any q, q ∈ V we take l + 1 points q 1 , . . . , q l+1 ∈ W as in Remark 2.9. Then, we have
On the other hand, choosing a small constant R > 0, we may assume that
for any q, q ∈ V . Thus, we have
Combining (2.23) and (2.25), we have
Thereby we conclude the proof.
The next lemma is a key to proving the Main Theorem. 
Proof. For simplicity we assume that M is a domain in C m . We take the distinct two points q, q ∈ U 0 arbitrarily. We can choose the points q 1 = q, q 2 , . . . , q l , q l+1 = q ∈ M as in Remark 2.9, and n holomorphic tangent vectors (p, ξ 1 ), . . . , (p, ξ n ) ∈ M × C m for (p, q − q ) ∈ M × C m as in Theorem 2.7, where n ≤ 2m. Clearly it follows that we obtain
The constants C and L are independent of l. Hence the proof is finished.
Proof of Main Theorem 1.1. We take any Hermitian metric h on M . It follows from the preceding lemma that Thereby the proof is completed.
It is easy to see Corollary 1.2 by Main Theorem 1.1 and Theorem 2.5.
